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Abstract 

The factorization of the universal TZ -matrix corresponding to so called Drinfeld Hopf structure is 
described on the example of quantum affine algebra U q (sl2) ■ As a result of factorization procedure 
we deduce certain differential equations on the factors of the universal 1Z -matrix, which allow to 
construct uniquely these factors in the integral form. 
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1 Introduction 



The theory of quantum groups is the origin of many group-theoretical methods for investigation of 
the quantum integrable models. The quantum group theory based on the quantum inverse scattering 
method FT] was described in the pioneering works [O, [|] as the Hopf algebra deformation of the universal 
enveloping algebras of contragredient Lie algebras. In most applications the quantum groups as the Hopf 
algebras appeared together with R -matrices, either in the form of numerical matrices or L -operators or 
universal TZ -matrices. The latter are the elements in the completed square of the corresponding Hopf 
algebras, which satisfy certain conditions. A direct consequence of these relations is the fact that the 
universal TZ -matrix satisfy Yang-Baxter relation and different L -operators and numerical R -matrices 
can be obtained from the universal one by specializing to certain representations of the original algebra. 

Recently it became clear |f], ABRR , |JKOS | that the deformed algebras which are behind the inte- 



grability of the elliptic models [ABF, Ba] and their counterparts from the quantum field theories [ZZ 



can be obtained using twisting procedure slightly relaxing the coassociativity axiom of the original Hopf 
algebras. The resulting algebras turn out to be the quasi-Hopf algebras [pZ>2| ] . The notion of the universal 
TZ -matrix survive during the twisting procedure although the algebra itself can loose some properties. 
The precise construction of the twisting element refers to the solution of certain difference equation. As 
a consequence, the universal TZ -matrix in twisted algebra appears in this approach as infinite product 
of shifted universal TZ -matrices for original quantum affine algebra, which is unobservable for practical 



use. 



Another way to get the same result is to use so called 'new realization' of quantum affine algebras and 



their generalizations [Dl]. This realization was introduced by Drinfeld in order to show the deformation 
of standard loop basis of affine Lie algebras. It happened to be very useful in representation theory. 'New 
realization' possesses its own comultiplication structure (we call it 'Drinfeld comultiplication'), different 



from standard comultiplication structure for quantized Kac-Moody algebras. It was proved in [KT] that 
this comultiplication structure can be obtained from the standard one as a twist by certain factor of 



universal TZ -matrix. Another advantage of 'new realizations' was noted in [JKOSj: their elliptic analogs 
can be described with a help of very simple twist. 



Enriquez, Felder and Rubtsov [EF, E_R] suggested to reverse the calculations in | KT |: one can try 
to describe traditional Hopf structure of quantum affine algebras and their elliptic analogs starting from 



Drinfeld comultiplication and its elliptic analog. It follows from [KT], that this problem is equivalent 
to a Riemann type problem of factorization of essential part of the universal TZ -matrix for Drinfeld 
comultiplication. They managed to get in this way an L -operator description of elliptic face type 
algebras and generalized this approach to the curves of higher genus. 



In this paper we develop the ideas of [EF| and solve explicitly the factorization problem for quantum 
affine algebra U q {sl2) ■ Our method is different from | ]EFj ] and |ERj ]. It is based on the use of the results 



of [ DK , DKP], where an integral presentation of the universal TZ -matrix for Drinfeld comultiplication 
was studied. Applying the projectors which describe the factorization to this integral presentation we 
deduce differential equations for the factors of the universal TZ -matrix for U q {sl2) ■ These differential 
equations have precise unique solution in noncommutative power series. In particular cases, for instance, 
for level one representations, they allow to describe an evaluation of the universal TZ -matrix in infinite- 
dimensional representations. The method is quite general, it can be applied for the elliptic and Yangian 
algebras as well, though we restrict ourselves to U q {sl2) in this paper. 

The paper is organized as follows. First, we remind two descriptions of quantum affine algebra U q (sl2) 
and formulate the main results. Section 3 is devoted to 'new realization' of U q (sl2) ■ We describe here its 
Hopf structure, the Hopf pairing between two Borel subalgebras in a current form and review all known 
description of the corresponding universal TZ -matrix and of the pairing tensor. In particular, we remind 
the results of |DK| , DKP[| , where an integral presentation and the differential equation for the universal 
TZ -matrix was studied. 



The main results are proved in Section 4. Here we first review the projection technique, elaborated 



in | ER , EF|. Then we apply it to the differential equation from the previous section and deduce the 



differential equation for the factors of traditional 1Z -matrix. Here the screening operators naturally 



appear. In section 5 we compare our technique with approach from [EF, ER]. We see here that our 
achievement can be manifested as a precise calculation of certain multiple integrals, which can be reduced 
to a deduction of certain combinatorial identity. The proof of this identity was found by A. Okounkov. 
A technique appropriate for direct calculation of these multiple integrals in this manner, is given in the 
Appendix. It is based on the use of orthogonal bases in Borel subalgebras and on the intensive use of the 
pairing technique. 

2 Preliminaries and main results 

2.1 Two descriptions of the quantum affine algebra J7 (s/2) 

1. U q {sl2) as quantized Kac-Moody algebra. 

Quantum affine algebra UJs^) is an associative algebra generated by the elements, e± ai , k^ , d , 
i = 0, 1 subjected to the commutation relations: 

±a k a - — k~ l 

[d,e± ai ] = ±5 i0 e± ai , k ai e± aj k~l = q { a "e ±cy , [e ai ,e- aj ] = <% (2.1) 

Qi — Qi 

and also the Serre relations 

e ±ai e ±ay + [^} q e± ai e± a:j e ±Qi + [%e ±OH e± aj e 2 ±a . + e± aj e 3 ± ai =0, i ^ j, (2.2) 
where [n] q = q q Z q -i is Gauss q -number and a y - = (ai,ay) is Cartan matrix of the affine algebra SI2 

a « = (-2 _ 2 2 )- 

The element c given by the relation 

q = k ao k ai (2-3) 
is central and its value on the particular representation is called 'level'. 
One of the possible Hopf structures is given by the formulas: 

A(e ai ) = e a% 1 + k ai e at , A(e_ ai ) = 1 e_ Qi + e- a% k^ 
A(k ai ) = k a% k at , A(d) = d0 1 + 1 d 
e(e ±a .) = 0, e{ktl) = l, e{d) = 0, 

where A , e and a are comultiplication, counit and antipode maps respectively. 

2. The 'new realization' of UJs^) • 

The so called new realization of quantum affine algebras was introduced by V. Drinfeld in JD). In this 
description the algebra U q (sl2) is generated by the infinite set of generators d, q c , k^ 1 , e n , f n , 
n € Z , a± m , m > subjected to quadratic commutation relations, which are given as formal power 
series identities on their generating functions 



(2.4) 



e(z) = J2e n z- n , /(*) = £/, 

nGZ nSZ 

^(z) = V^ T " = k ±l exp L(q - q' 1 ) £ a ±n z*A 

n>0 V n>0 / 



(2.5) 



as follows: 

[q c , everything] = , (2.6a) 

x d e(z)x- d = e(xz), x d f(z)x~ d = f(xz), x d ^ ± (z) X - d = ^(xz) , (2.6b) 

(z — q 2 w)e(z)e(w) = (q 2 z — w)e(w)e(z) , (2.6c) 

(z - q- 2 w)f(z)f(w) = (q- 2 z - w)f{w)f{z) , (2.6d) 



(2.6e) 



(a 2 ~ c/2 z - w) 

1>-(z)e(w) = ^eWf(z) , 2.6f) 

(q c ' z z — q z w) 

q ~ 2W h + (z)f(w) = f(w)^ + (z) , (2.6g) 
[q z c ' z z — w) 

( -2+c/2 _ \ 

r(z)f(w) = 'ffrW-W , (2.6h) 

[q c / z z — q z w) 

(z - q 2 - c w)(z - q- 2+c w) + \, + /\ fn r-\ 

-— _ rr z ^ {w)=i> (w)ip + (z) , (2.6i) 

[q z+c z — w){q z c z — w) 

^ ± (z)^ ± (w)=i; ± (w)^ ± (z) , (2.6j) 
[e(z), f(w)] = — ^ (5(z/q c w)^{zq- c l 2 ) - 5{zq c /w)^ {wq^ 2 )) , (2.6k) 
where <5(» = £ nez z n . 

The coalgebraic structure of the algebra UJslz) which is equivalent to ( |2.4| ) cannot be formulated 



in total currents fl2.5|) . Let 

J 2nw l-w/z ^ J 27TO 1-z/w f£ 

(2.7) 



du^ f(w) W /z = Mz) = _ ldv L e(w) = _y^ fkZ - k 

2irw 1 — w/z , „ j 2-7ra; 1 — z/u> r-^ 

' K>0 ' fc<0 



be the half-currents. Then the coalgebraic structure of UJsfa) in new realization have the form (see 
[ KLP| , where the formulas fl2.8|) have been proved in slightly different situation) 



A (e ± (z)) = e±(z) ® 1 + £(-<?) fe (<Z - ff" 1 ) 2 */!^) ^± (V*) ® 4 +1 (^ Cl ) , {2 8&) 

fc>0 

A (/ ± (*)) = 1 ® /±(*) + E(-?)~ fe (^ " ff -1 ) 2 */^ 1 N ±C2 ) <8 V>± 4(V), (2.8b) 

fc>0 

a (v±(^)) = E(- 1 ) fc [ fe + ^te - <r x ) 2fc ./± (V T ^) v± (V f ) ® ^± (V^) 4 (V 



fe>0 



(2.8c) 

where ci = c <8> 1 and C2 = 1 <8> c . 

3. The connection between two descriptions. 

In the original paper jD| the Chevalley generators were presented in terms of the current generators. In 
the case under consideration they have the form: 

e c*i = e o> e — ai = /oi e «o = 9 /l^ ' e —ao = k e ~iQ j = fej = Q k . (2-9) 



The inverse formulas appeared lately in |B|, KT1 | in general case of arbitrary quantum affine algebra U (g) 
(see also [Da| for UJsfa) )• It turns out the the generators in 'new realization' coincide up to central 



elements with Cartan-Weyl generators of quantum affine algebra. We describe shortly this construction 
in case under consideration. 

First of all, define the generators 

def 2 de_f — 2 



They satisfy the commutation relation 



r 1 q ~Q 

[e s ,e-s\ = ■ 

q-q L 



Now we define the Cartan-Weyl basis of [/^(s^) . For n > we define the generators which correspond 
to all real roots ±ai =L nS , 

E ai+ nS = [2]^ n (ade 5 J e ai , E ai ^ nS = q cn [2]- n (ade_ 5 J e ai , 

E_ ai+nS = q- cn (-[2] q y n (&de s ) e_ ai , £_ Ql -n<5 = (-[2] q )' n [ade- S J e_ Ql . 
Define also auxiliary generators 

E n S = [Eai > E— ai+nSj j E_ n $ = [E ai _ n g, E— ai ] , n>0 

related to imaginary roots ±n5 generators a± n 

HQ - q- 1 ) £ q ±£ ?E ±nS z^ = ktl exp (±(q - q~ l ) £ a± n z*A . 

n=0 V n>0 / 

The identification with Drinfeld's generators reads as follows 

Cn = -E"Qi+rai5 > fn = ^-Qi+n5 > Vn E Z , "0^ = fc w * , 

cn e» 

q 2 g 2 _ 
£n<5 = r ^„ ) n>0, E n5 = f VVi, > ™ < . 

q — q q — q~ 

2.2 The main results 

Let us remind that a universal 1Z -matrix for the quantum affine algebra U q ($) is an element in some 
completion of U q (g) <g) U q (g) which satisfies 

TZA(x) = A'(x)TZ, Vx e U q (g) , (2.10a) 

(A ® id)72 = K 13 K 23 , (id ® A)TZ = TZ Vi lZ 12 , (2.10b) 

where for A{x) = xm ® X( 2 ) , A'(x) = X( 2 ) <8> means the opposite comultiplication and if 72. = 
a>i (g) 6j , 72 13 means X) a « ® 1 ® &i j etc. 



It is known [KT| that the universal 1Z -matrix for quantum affine algebra with Hopf structure given 
by (2.4) have the following form 

ftcan = ^ 21 ,+ • £ • K+,- , (2.H) 

where A 21 means the transposition of the left and right tensor space and the element K 

K = q 2 q 2 exp (<? - g) ^ — - a n <g) a_ n U 2 (2.12) 

V n>0 ^ n J« ) 



depends only on the Cartan and imaginary root generators. The 1Z -matrix ( 2.11 ) belongs to the tensor 
product U q (b+) (g) U q (b-) , where U q (b+) is generated by e m , m > , k ±x , a n , f n , n > and U q (b-) 
is generated by f n , n < , k ±l , a m , e m , m < . The multiplicative expressions for the elements 



7^-±,=F are known (see [KT| or formulas ( |4.1|) below). 

The main subject of the paper is an integral presentation for the factors 7£±,q= of the universal 
1Z -matrix ( 2.11 ). Let d a be the following gradation operator: 

[d a ,e(z)] = e(z), [d a , f(z)] = -f(z), [d a , ip±(z)] = 

and (do not confuse r with spectral parameter) 

1Z± t (t) = T ~ dam 1Z± T T^® 1 , - 1 » 1 X V T?( n ) ~" 



(2.13) 



K ± , T (r) = l®l + ^ Teg^ 

n>0 

The following differential equations can be regarded as a main result of the paper. 

Theorem 1 Let q N ^ 1 for N G Z \ {0} . Then 

dK+-(r) 



(2.14) 



where 



and 



I_ )+ (r)-ft_ )+ (r) , 
r(n) 



n>0 

(n) _ C-l^C?" 1 -?) / c „-i 



[n],![n-l] 9 ! J 2 



S^T 1 (/+(«)) S^Ce-W) 



7 



(n) _ (-l) n (g'-g) / <k c „-l 



(2.15a) 
(2.15b) 

(2.16) 
(2.17) 



[n] q \[n-l] q \ J 2mz fo 



The screening operators S eQ and Sf are defined through left /right adjoint actions ( 4.24 ) which use the 
standard Hopf structure (|2.4[): 



5 eo (x) = e 2; - A;x/c 1 e , S fo (x) = xf - fok 1 xk. 

It is possible also to express the action of these screening operators on the fields e±(z) and f±{z) via 
the powers of the fields: 

n n 

-2(fc-l) _ Uf n 



SZ-He+iz)) = II(l-9 2(M )e n ± W, S n f ;\f ± {z)) = H(q 

fc=2 fc=2 

The differential equations ( |2.15a ) and ( |2.15b| ) define the recurrence relations between homogeneous 

' ) 



components of 72-± jT (r) . Moreover, these equations have unique solutions in power series over r 



with initial conditions 7£± !=F (0) = 1 ® 1 : 

Theorem 2 TTie elements 1Z± = can be presented as series of multiple formal integrals 

K ±iT = 1 ® 1 + £ ^±i> 



n>0 



& = (-2**)-" £ C ± {j x ,j 2 ,...,j 7 

m=l ji+h+—+jm=n 



(2.18) 



(2.19) 



7 



z\ z„ 



sf- 1 (/±(zi)) • • • (/± W) ® sg -1 (M* a )) • • • sir (^y 



and 



(q- 1 - q) m 



C+(jl,j2,---,jm) 
C-O'i, j 2 , • • • ,3m) 



n 



ilO'l + J2)(jl + 32 + J3) • • • (jl + 32 H 1" jm) ^1 bi]? ! b'i ~ Mq- ' 



-1 „\m 



n 



3rn(jrn ~t~ jm—l)\3m jm—1 + im-2) • • • (im + im-i h 1" Jl) i=1 bVlg'bi ~~ 

(2.20) 



Applying the results of [DM], we can prove that in integral representations of level k > the fields e±(z) 
and f±(z) are annihilated by A; + 1 -th degree of screenings. So we have under the same condition on q 



Corollary 1 Let the 1Z -matrix ( 2.11 ) acts in tensor product of integrable representations, one of which 
has level k > . Then the summation indices ji , i = 1, . . . ,m in ( 2.1d( ) satisfy the inequalities 1 < 
ji < k . In particular, if one of the representations has level 1 , then the the 7Z -matrix ( 2.11 ) has a form 



,-1 



n c . 



exp 



where the factor K, is given by ( 2.12j ) . 



(2.21) 



3 U q (sl2) with 'Drinfeld' coproduct 

The goal of this section is to present different expressions for the universal 7£ -matrix in quantum affine 



algebra UJsl^) with respect to Drinfeld comultiplication. We describe it in multiplicative form KT | 



and in a form of contour integral [DK]. We also present formal integral expression for the tensor of the 
pairing of two Borel subalgebras [ER, EF|. 

In the first subsection we describe so called Drinfeld comultiplication for UJsl^) , which naturally 
appear in his 'new realization'. Then we study the Hopf pairing between corresponding Borel subalgebras 
and remind the multiplicative expression for the universal 7Z -matrix, which diagonalize this pairing. In 
this form the universal 1Z -matrix can act either in tensor product of highest weight representations or 
in tensor product of lowest weight representations. 



Next we remind the construction from DK | of the universal 1Z -matrix in a form of contour integral. 
Its description requires the use of a natural completion of UAsl^) and can act only on tensor product of 
highest weight representation. Though such element cannot be factorized in desired way, the differential 



equation [DKP] on it will be very important further. 



Finally, we observe a presentation of [EF, ER] of the tensor of the pairing as simple formal integral. 
We stress certain delicate details in this presentation: its makes sense only under specific normal ordering, 
which allows to apply the formal integral to tensor product of lowest and highest weight representations. 
Due to this antisymmetry, formal integral is difficult to use as an TZ -matrix with action in certain tensor 
category of representations, while the factorization into product of two cocycles makes sense. 



3.1 The universal TZ -matrix in a multiplicative form 

In 0] the quantum affine algebras have been constructed by means of the quantum double construction 
with comultiplication different from those given in formulas (^J) . This is so called Drinfeld Hopf structure 
written in terms of generating functions as follows: 

A (1) e(z) = e(z) ®l + tp~(zq^) ® e(zq Cl ) , (3.1a) 



AW/(z) = 1 ® /(*) + f(zq C2 ) ® ijj + (zq^) , 



(3.1b) 



A^V^O) = ^(zq ±S T) ® ^(zq^-r) , (3.1c) 

a (D (e(z) ) = _ (V (z^f))" 1 e (^-c), a« (/(*)) = -/(zg- c ) (^ + (V 1 ))"' , (3.1d) 

a« = (^(z))' 1 , a (1) (c) = -c, a (1) (d) = -d , (3.1e) 

e(c) =e(d)=e(e(2)) =£(/(*)) = 0, £ (^(z)) = 1 . (3.1f) 

There exists two Drinfeld's Hopf structures. That is why we denoted coproduct and antipode maps in 
( |3l|) as AW and a (1) . The counit maps are the same in the all Hopf structures considered in this paper, 
so we do not use for them different notations. The second structure is given by the formulas 

A^e(z) = e(z) ® 1 + if> + (zq-%) ® e(zq- Cl ) , (3.2a) 

A^f(z) = 1 ® f(z) + f{zq~^) ® 4>-(zq-%) , (3.2b) 
a (2) (e(z)) = _ ^+ ^| ^y 1 e{zq% a (2) = _ f{zgC) ^- (^f))- 1 (3.2c) 

and the rest maps are the same as in (|3.1|). 



To exploit the method of quantum double construction we should decompose the algebra under 
consideration into two Borel subalgebras corresponding to the chosen Hopf structure. This decomposition 
for (3T) isQ Uf = {f(z), ifi + (z), c, d} and Ue = {e{z) , tp~(z), c, d} . The pairing between these 
dual subalgebras can be reconstructed from comparing the general multiplication in quantum double 
with the commutation relations ( 2.6k| ) and ( [2.6i| ). The only nontrivial pairings between generators are 
(c, d) = (d, c) = 1 and (in terms of the formal series) 



</M,e(*)) = —r— *(z/w) (3.3) 



and 



<tf+M,ir (*)) =g(-) = = <? + (i 2 - T 2 ) E « 2fc 4 • (3-4) 

The pairing (|3.3|) and <$A) Uf <S> Ue — > C is the Hopf pairing, satisfying the property 

(k 1 f,k 2 e) = (k 1 ,k 2 )(f,e) (3.5) 

for any k\ € K + , k 2 £ if- , f £ Uf , e £ U e . Here are the algebras, generated by q ±h , a n for 
n > and n < and ?7j and f/ e are nilpotent subalgebras of Uf and Ue which are generated only 
by modes f n and e n , n G Z respectively. The property ( |3.5| ) signifies that the universal 7£ -matrix 
corresponding to the coproduct A^ 1 ) will have factorized form 

K = fC-n, (3.6) 

where /C is given by ( 2.12] ). 

To describe the element 1Z one should consider the restriction of the pairing (|3.3| ) and ( |3.4|) on the 
dual subalgebras 17 f and L7 e . It can be obtained inductively and have the form 

(f{zi) ■ ■ ■ f(z n ), e(u>i) • • • e(ttfn)) = 

■(f-r5:n«fe) n (3 ' 7) 

cr(k)>a(l) 



4 As usual, one should start with different Cartan elements c , d and Vo i n these dual subalgebras and factorizing over 
simple central elements identify these Cartan elements. In this way one can prove the relation = r0oj 



where the series g(z) is given by the formula ( |3.4D and S n is symmetric group of permutations of n 
elements. The Hopf pairing between U e and XJt , corresponding to comultiplication A^ 2 ) has analogous 
form (see fl3.10|) below). 



The element 1Z in the multiplicative form reads as follows | KT 

1Z = J| exp ?2 ((g -1 - q)f- n ® e n ) 



where 



where (o) ? 



exp 2 (x) = 1 + x + 



+ 



1 + q 2 (l + q 2 )(l+q 2 



+ 



+ 



x 



(n) 



+ 



(3.8 



(3.9) 



• In terms of the pairing the formula fl3.8| ) is equivalent to the relation 



for all ni < ... < n s , m\ < ... < m s , which can be deduced from (3.7) by induction. 

Note that the ordering of the q -exponents in ( |3.8[ ) dictates that modes f n in the first tensor space 
are ordered by nonincreasing indices while e n in the second tensor space by nondecreasing order, so the 
element 1Z belongs to the tensor product of certain completion of the nilpotent subalgebras Uf and U e , 
such that the element (|3.8| ) is well defined operator when it acts in the tensor product of lowest weight 
representation with arbitrary one or in tensor product of arbitrary representation with highest weight 
representation. 



A distinguished feature of the pairing (3/?) which follows from the form (^8) is that it provides a way 
to order any monomial of generators e n as a sum of monomials • • • e^ n with nondecreasing indices 
ki , k\ < .. < k n and to order any monomial of generators /„ as a sum of monomials /; x • • • fi n with 
nonincreasing indices k , l\ > .. > l n . For the orderings in opposite directions one should use the pairing 
corresponding to comultiplication A^ 2 ^ : 



(e( Wl ) ■ ■ ■ e«), f( Zl ) ■ ■ ■ f(z n ))W = (g _ g -i) 



, — 1\ — n 



a&Sn k 



Z k 



where 



1 



q 2 z 



-2 



An application of this technique is presented in the Appendix. 



w, 



<T(fc). 



n 



k<l 



fc>0 



-2k z k 



(3.10) 



(3.11) 



3.2 Integral presentation for the element 1Z and the fundamental differential equa- 
tion 



It is a common place to extend highest (lowest) weight representations of a Kac-Moody algebra to a 
representations of bigger algebra. This algebra can be defined as a completion with respect to a minimal 



topology, compatible with action on highest weight representations [DK]. Since we are interested only by 
separate action of the algebras U e and Uf , these completions can be defined quite explicitly. Namely, 



the completed algebras and , which act in highest weight representations, are generated as 
linear spaces by the series over monomials • • ■ e kl (fkt"' fk t ) where k\ < ... < k\ and J2i ki i s fixed. 

j , which act in lowest weight representations, we 



Analogously, for the completed algebras and ?7 > 



use the series over monomials, ordered in opposite direction. 



product of Uf~ (g> C/ < 



The following presentation of the universal 1Z -matrix was constructed in [DK] in a completed tensor 

K' = K ■ 1Z', (3.12) 



where /C coincides with ( 2.12 ) and 



Here 

= (<T X - q)f(z) ® e(*) (3.14) 

and D n is n -dimensional torus |zj| = 1 for |g| > 1 and is the n -cycle \z\ rL = i n j^i( z i ~ c P' z j)\ = 1 > 
i = 1, for any q , such that 7^ 1 , N € Z \ {0} and the integrand is understood as analytical 
continuation of the product t{z\) ■ ■ ■ t(z n ) from the region \z%\ S> \z2\ 3> ••• ^ |^n| [DKP|. 

The results of the paper are strongly based on the following 

Proposition 3.1 , DKI]] (i) The action of 7Z -matrix ( S.lz ) in tensor product of highest weight modules 
is well defined and coincides with the action of the 1Z -matrix (\3. 6J ; 

(ii) The element 7Z'(t) = T ~ d <*® 1 J^' T da ® 1 satisfy the following differential equati 



lion: 



r^P- = n'(r) ■ I{r) = I(r) • ?f (r). (3.15) 

or 

Here the generating series J(r) also belongs to the tensor product of the same completions U f (g) U e 

and so is a well defined operator acting in the tensor product of h.w.r. The coefficients of the formal 
series I(t) 

00 

Z( r ) = £ /(™) T n (3.16) 

n=l 

are the commuting quantities 

JW = (( ;" g "! ) , ( " i r /WW«eW( 2 ) (3.17) 

constructed from the composed currents / W (^) and e^ (z) (their definitions of the multiple residues 
are given by ( 4.23|) ) 

/(»)(*) = {q -l _ q ) n -\n] q \[n - l] q \f{q 2 ^ 1 h)f{q 2 ^z) ■ ■ ■ f(z) , 

(3.18) 

e (n \z) = (q- g" 1 )"- 1 ^],!^ - l] q \e{z)e(q 2 z) • • • e(q 2 ^ z) . 

The composed currents can be obtained inductively as the residues of the products of the preceding 
currents and by the constructions the composed currents are elements from the completions U f e . The 
commutativity of the zero modes of two-tensors 

t {n \z) = VCimT f (n) (z)®e {n) (z) (3-19) 
[n — l] g ![n]g! 

follows from the commutation relations 

[t^{z 1 )^ m \z 2 )} = 5{q 2n z 1 /z 2 )t^ n+m \z l ) - 5{q- 2m z 1 /z 2 )t^ +m \z 2 ) . (3.20) 
Due to this commutativity the differential equation can be easily solved 

^ eXP (S^) M iq ~ £ /<">(*> • (3. 21 , 



3.3 The pairing tensor as a formal integral [|ER| , [EF|| 

Tt and U'f 



In the completions U e , U e , Ut and the defining relations for the total currents can be strength- 



ened. 

Lemma 3.1 (i) In the algebras llf and the following identity of formal power series take place: 



k<l 



e(>i) • • • e(z n ) = II f ( — ) e ( z n) ■ ■ ■ e(zi), f(z x ) ■ ■ ■ f(z n ) = JJ g' ( — ) f(z n 



z k 



k<l 



Zl 



■fW, 



(3.22) 



(ii) In the algebras and U e the following identity of formal power series take place: 

e(>i) • • • e(z n ) = II f' ( — ) e (z n ) ■ ■ ■ e(zi), f(zi) ■ ■ ■ f{z n ) = J[ g ( — J f(z n ) ■ ■ ■ f(zi) 

k<i XZl/ 



k<l 



Zl 



(3.23) 



where g(z) and g'(z) are given by the series (3. 4) and (3.11) respectively. 



Proof. One can prove the statement of this Lemma using pairing arguments and explicit formula ( |3.7| ) 
for the pairing. For instance, the pairing ( |3.7|) can be extended by continuity to the pairing of U e with 
U f . Then 

Or 1 - qf (j{wi)f{w 2 ), e(zi)e(z 2 ) - g {^j e(z 2 )e(zi) 

( Z 2 



ii 



5 



\W2 



+ 9 



Z2_ 



ii 

U'2 



, 22 

-9 — 

Zl 



Wi 



U'2 



, 5 . 

Z2/ \wi 



U'2 



, 



where the vanishing is due to the functional relation g{z)g(z 1 ) = 1 . Note that for two of four equalities 
in Lemma 3J we should use the Hopf pairing ( |3.10| ) attached to the coproduct A( 2 ) . 

Let us introduce the following formal integral 

(T 1 - q) n 



K 



exp 



dz 
2ttz 



t(z) 



E 

n>0 



n\(2-Ki) 



— — f{zi) ■ ■ ■ f(z n ) ® e(zi) ■ ■ ■ e(z n ) : , 
Zl z n 

(3.24) 

The dots : • : mean the following ordering of the result of the formal integration: we present the 
monomial of generators e n as a sum of monomials • • • e kn with increasing indices ki , k\ < ■ ■ ■ < k n 
and to order any monomial of generators f n as a sum of monomials • • • fi n with decreasing indices l{ , 
h> ■ ■ ■ > l n . The procedure is correctly defined only for \q\ < 1 since the resulting coefficients at ordered 
monomials include the sums of geometric progressions. The element 1Z belongs, by a construction, to 



a completed tensor product of and 



Lemma 3.2 



for any x € and y € llf . 



x. 



(K , 1 (8) y) = y 



(3.25) 



Let us calculate, for instance, (TZ ,e^zi)e(z 2 ) (g> 1) . Due to the formulas of the pairing, we have after 
integrations of delta-functions: 

CR." ,e(zi)e(z 2 ) <8> 1) = - {e(z 1 )e(z 2 ) + g(z 2 /zi)e(z 2 )e(zi)) 



which is equal to e(zi)e(z 2 ) due to Lemma ^J. Due to the Lemma [3^, we can use TZ as a tensor of 
pairing between f/j and . Moreover, we will see further, that it actually coincides with ( |3.8| ) and 

thus use further for TZ' the same notation TZ . 



Nevertheless, from the definition we can define an action of ( 3.24 ) only on tensor product of lowest 
weight and highest weight representations; also the quantum double, including and llf as dual 
Hopf subalgebras is not correctly defined due to divergences. Thus we use the expression ( 3.24 ) not as 
the universal TZ -matrix, but tensor of pairing. 



4 Factorization of the universal 1Z -matrix 



As it was mentioned in Introduction, we want, following [EF, ER], to decompose the factor TZ of the 



universal TZ -matrix (|3.6|), corresponding to Drinfeld comultiplication, into a product of two cocycles, 



which can be used for restoring of the canonical comultiplication structure (2.4) and corresponding TZ- 
matrix. For multiplicative presentation of 1Z (|3.8| ) such a factorization is clear: 1Z = TZ+- ■ TZ—,+ where 
TZ+ t - consists of the product of q -exponents exp g 2 (^{q^ 1 — q)f- n <S>e n ^ for n < and consists of 

the product of q -exponents for n > , such that the universal 7Z -matrix for canonical comultiplication 



has a form 1Z can = TZ_ , • K. ■ TZ+- [TK], that is 



^-can =11 eX Pg 2 ((? 1 ~ l) e n &> f-n) ^11 eXP 3 2 1 ~ ® e ~ n ) ' (4- 1 ) 



n>0 n>0 



Our goal is to develop general technique of factorization applicable to a situation when multiplicative 
expression for 1Z -matrix is missing. Algebraical background for such a factorization consists of the use 
of projection operators from (current) Borel subalgebras to their orthogonal subalgebras, developed in 



[ EF , ER | . Its survey is given in the first subsection and is applied to the tensors from previous subsection 



in the second one. 

The projections of the contour integrals TZ are not well defined. Still, we notice in the next subsection, 
that the projections of the logarithmic derivatives of TZ make sense and we use this to deduce differential 
equations for the factors 7Z± ^ , which determine them uniquely. The main technical problem reduces to 
the calculation of the projections of the composed currents, entering into differential equations for TZ . 
This is done is the last subsection with a help of screening operators. These calculations finish the proof 
of main theorems. 

4.1 The biorthogonal decompositions of Hopf algebras 

Let A be a bialgebra with unit and counit, A\ and Ai be two subalgebras of A satisfying the following 
conditions: 

(i) Algebra A admits a decomposition A = .A1.A2 , that is the multiplication map 

\l : Ax ® A 2 -» A (4.2) 

is an isomorphism of linear spaces; 

(ii) Ai is left coideal, A2 is right coideal: 

A(Ax)cA®Ai, A(A 2 ) C A 2 <8> A . (4.3) 

Then the operators 

P\ '■ -P.A( a i a 2) = a ie(«2) , P\ ■ P\{aia2) = e(ai)a 2 , ai € A\ , a 2 G A 2 
are well defined projection operators from A to Ai , satisfying the following property: 

MP>P>(a) = a (4.4) 



for any o£i. Here e is counit. In Sweedler notation (|4.4| ) means 

P\{a')P\(a") = a . 

The correctness of definition of P^ follows from the condition (i). Denote by : A — > *4 the linear 
map </>(a) = P^(a')P^(a") . We claim that 4> is the map of left A\ -modules and of right yl 2 -modules, 
that is, cj){a\a) = a\4>{a) , 4>(aa 2 ) = 4>(a)a 2 ■ Indeed, for any a\ £ A\ , a £ A we have 

0(aia) = PX(a' ia ')P^a'(a"). 
From (gj) we know that a'/ £ A 1 , so P4KV) = e(ai')J$(a") and 

(^(010) = PifaieCaiOoO-FSC ") = p A( a i a ') p A( a ") = a i p \( a ') p A( a ") = a Ma) ■ 

In analogous manner we prove, that 4>(aa 2 ) = 4>(a)a 2 ■ Noting that (f)(1) = 1 , we conclude that <p(a) = a 
for any a £ A. 

Let now B be bialgebra dual to A with opposite comultiplication, that is there exists nondegenerate 
Hopf pairing (, ) : A <8> B — > C , satisfying the conditions 

(a, &i& 2 ) = (A(a), 61 <g> 6 2 ) , (0102, 6) = (a 2 ® ai, A(&)) , 

and 7?. = ^ a" (8) 6 a be the tensor of the pairing. Let 72, = (P^ ® id) 72. . The addition identity ( fO| ) 
yields the factorization 

n = iii ■ n 2 . (4.5) 

Indeed, the tensor 72 is uniquely characterized by one of the properties 

(72, b 1) = 6, for any b £ B, (72, I a) = a for any a £ A . 
Let us calculate (JZ\1Z 2 , 10a). We have 

(Hi, 1 ® a) = ((Pj^ <g> id)72, 1 ® a) = P)^, 1 <g> a) = P l A (a) . 

Then 

(721722, 1 a) = (72.1, 1 ® a')(72 2 , 1 a") = P^o^P^a") = a 
due to (fill ). It proves flP|). 

We can get a factorization of 72 , 72 = 72 2 72i if we start from the decomposition B = B\B 2 into 
a product of two subalgebras, being right and left (since the opposite comultiplication is used in the 
pairing) coideals of B : A(#i) C B x <g> £ , A(B 2 ) £\B®B 2 and use 72; = (1 ® P£)72 , where P^(6i6 2 ) = 
616(62) , Pj(6i62) = 616(62) . The natural question arise: when these two decomposition coincide, that is 
72-1 = 72-1 , 722 = 72-2 ? We claim the following 

Proposition 4.1 The decomposition of pairing tensor induced by the decomposition of the algebra A 
coincides with the decomposition of this tensor induced by the decomposition of the algebra B if Ai and 
Bj are mutually orthogonal, that is 

(ai, bj) = e(ai)e(bj), for any a, £ Ai, bj £ Bj, j . 

Indeed, let us compute (72i, 6 (g> a) and (72i, 6 <g) a) for any a £ A, b £ B . We have 
(72.1, 6i6 2 ® a x a 2 ) = (aie(a 2 ), 6162) = £(02) (a[, h)(a", b 2 ). 
We know that a" £ Ai , so 

(72i, 6162 (8) aia 2 ) = e(a2)e(6 2 )(a / 1 e(a'/), 61) = e(a 2 )e(b 2 )(ai, 61). 



Analogously, 

(Hi, hb 2 ® aia 2 ) = (a\a 2 , bxe(b 2 )) = e(b 2 )(ai, b")(a 2 , b[) = 

= e(a 2 )e(b 2 )(ax,b"e(b' 1 )) = e{a 2 )e{b 2 ){axM) 

since b'i G B\ . We see that 72i = 72i . The same story takes place for other pair. We call further 
the decompositions A = AxA 2 , B = B\B 2 , satisfying the condition describe above, as biorthogonal 
decompositions of A and B = (A*) op . 

Let now A be a Hopf algebra and element 72 is considered as an element from square tensor of 
its quantum double T>{A) . For any biorthogonal decomposition the tensors 72 2 and (T^f 1 ) , where 
Hi = {P\ ® 1)72 = (1 ® P l B )TZ £Ai®Bi = (P\ ® P B )n are two cocycles in the double V{A) , that is, 

nf ■ (A ® i) 72 2 = nf ■ (i ® A) n 2 , 
(a' ® i) Tit ■ nf = (i ® a') Hi ■ nf . 

Indeed, both sides belong to A 2 ® T>(A) ® £? 2 • From the other hand, we have 

(a' ® 1) n x ■ nf ■ nf ■ (A ® 1) n 2 = (1 ® A) 72i • 72f • 72f 3 • (i ® A) 72 2 

due to the properties of universal 7?. -matrix, so the coassociator 

§ = nf - (A® 1)722- (72| 3 -(1® A) 72 2 ) _1 

can be presented also as 

$ = ((A' ® 1) 72i • 72} 2 ) _1 • (1 ® A) 72i • 72f 

and thus belongs to the intersection of A 2 ® T>(A) ® i? 2 and Ai ® 7J)(^4) ® #1 , which means that it has 
a form 1 ® d ® 1 for some d G 7J>(.4.) • Then the pentagon identity on $ says that there is no nontrivial 
coassociator of such a form. 



4.2 Application to the algebra U (sl 2 ) 

Let Up be a subalgebra of [/ir , generated by all a n , / n , n > and ; UJ be a subalgebra of 
Uf C fTp , generated by all f n , n < . We choose them as A\ and A 2 . The corresponding projectors 
will be denoted as Pf * and PJ* . Let also Up be a subalgebra of [/^ , generated by all a n , e n , n < ; 
[/+ be a subalgebra of U e C C/g , generated by all e n , n > . We choose them as Bx and f? 2 . The 
corresponding projectors will be denoted as P~ and P e + . That is, 

Pj*(axa 2 ) = aie(a 2 ), Pj*(axa 2 ) = e(ax)a 2 , a\ G Up~, a 2 G UJ, (4.6) 
P~(aia 2 ) = aie(a 2 ), P e + (oia 2 ) = e(ai)o 2 , a\ G Up, a 2 G (4.7) 



It follows from the definition of the open sets in Up and Up | DKP |, that the projections of small 
enough open neighborhoods of zero are zero, which means that the projectors can be defined also on the 
completed spaces: 

P+*:U F ^U+, p-*:U F ^Uy, P+:Up;^U+, P'-.U^^Up. (4.8) 



The subalgebras Up , UJ , UJ , J7+ and the corresponding projectors (L6) and ( |4.7| ) satisfy all 
the conditions of biorthogonal decomposition and can be applied to decomposition of the pairing tensor 
JC ■ n. Due to the property (3J3) of the Hopf pairing, the factorization (L5) in this case has the form 

K,-n = K-n+--n-, + , (4.9) 



where 

^±,T = (Pf* ® 1)^ = (1 ® P e T )^ = (-Ff* ® P e T )ft . (4.10) 

It coincides with the natural factorization for multiplicative expression of the universal 7Z -matrix, men- 
tioned in the beginning of this section. 

Since the projections admit prolongation to completed (in opposite directions) subalgebras fl4.8|) , the 
application of (Pp* ® Pjf) to the tensor (3.24) is well defined, and we can repeat the arguments of the 

previous subsection to the factorization of this tensor. So we have an equality 1Z = JR!'_ + , where 
1Z± j=F belong to the same subalgebras as H±,^ and satisfy the same properties of the pairing with the 

elements of dual subalgebras. So they coincide, as well as 1Z and 1Z . By this reason we skip further " 
in the notations. 

We need also further another pair of projections operators, connected to the comultiplication A^ 2 ) . 
Their restrictions to the algebras Uf and U e can be defined as follows. Let Uf be a subalgebra of Uf , 
generated by all f n , n > and U~ be a subalgebra of U e , generated by all e n , n < . We put 

Pf {a\a 2 ) = aie(a 2 ), Pt(aia 2 ) = e(ai)a 2 , ai G £77, a 2 G Uf , (4.11) 

P e + *(aia 2 ) = aie(a 2 ), -P e ~*(aia 2 ) = e(ai)a 2 , a\ G f7+, a 2 G f7~. (4-12) 
As before, they can be prolonged to corresponding completed algebras. 

The computation of the projections for the products of the currents can be carried out by means 



of the commutation relations between half-currents (2.7) e±(z 
z = z 1 /z 2 : 

e±(zi)e±(z 2 ) = g(z~ 1 )e±(z 2 )e±(z 1 ) + ^(zT 1 ) 


) and f±(z) , where we 
(z- l el{ Zl )+el(z 2 )), 


put everywhere 
(4.13a) 




e±(zi)e±(z 2 ) = 


= 9 ' {z)e±(z 2 )e±(z 1 ) + ij/(z) I 


e±{zi) + ze±(z 2 )) , 


(4.13b) 




e + (zi)e^(z 2 ) = g 


[z^e^e+iz^+^iz- 1 ) 


(z- l el{ Zl )+el{z 2 )), 


(4.13c) 




e_(zi)e+(2i 2 ) = 


- g'{z)e + (z 2 )e-(z 1 ) +ij/(z) I 


e 2 _(zi) + ze+(z 2 )) , 


(4.13d) 




f±(zi)f±(z 2 ) = g' 


z- 1 )f±(z 2 )f±(z 1 )+i>'(z- 1 ) 


(f 2 ± ( Zl ) + z- 1 f ± (z 2 )) , 


(4.14a) 




f±{zi)f±{z 2 ) : 


= g(z)f±{z 2 )f±{ Zl )+^{z)( 




(4.14b) 




U(zi)f-(z 2 )=g' 


>- 1 )/-(^)/+(^l)+^- 1 ) 


(fi( Zl ) + z- 1 f 2 {z 2 )) , 


(4.14c) 




/-(*l)/+(*2) : 


= 5 (z)/ + (z 2 )/_(z 1 )+VW( 


+/»(*!,)). 


(4.14d) 



Here 

cp 1 — z — % 1 — 1 — 

d( z ) = 1 —> 9'{z) = - — , = 1 o-) ^'(z) = - — . 

1 — q z z 1 — q A z 1 — grz 1 — q z z 

For the calculation of the projection of the product of the currents, say Pjr *(f(zx) ■ ■ ■ f(z n )) we first 
replace the product of the currents by the sum of the products of half-currents f±(zi) , using the relation 
f(z) = f+(z) — f-(z) , then move successively all the f-{zi) to the right and all f+(zi) to the left. The 
projector P^* kills all the factors f-(zi) which stand from the right leaving at the end the products of 
some f+(zi) . 



4.3 Differential equations for the elements TZ± tT (r) 



Let us rewrite the differential equation (3.15) for the element TZ € ® in the form 



J(r) = (tz\t)) 1 • r 



<fly(r) 
dr 



dWir) ( —, 



dr 



(4.15) 



and act by left and right hand sides of this equality onto tensor product of highest weight modules over 
UJsl-z) . According to the Proposition [O] we can replace the element TZ by its multiplicative counterpart 
( |3.8| ) which possesses the factorization ( [4.9[ ). Equations ( [4.15 ) will have the form 



(TZ + (r)) ■r' IR - <I7Z 



dr 



+ T- 



dr 



dK + A T ) d7l-A T ) 



dr 



+ T- 



dr 



(TZ^ir))- 1 = TZ^ + (r) ■ I{t) ■ {TZ-Ar))' 1 > ( 4 - 16a ) 
(K-AtT 1 = {n + Ar)T l ■ Or) ■ K+A-r) ■ ( 4 ' 16b ) 



Let us apply the projections Pf ®P e to the equality ( 4.16a ) and Pf <S>-P e + to the equation (|4.16b|) . 
Let us consider ( 4.16a ). It is clear that the projection Pf (g> P~ kills the second term in the l.h.s. of 
this equality and the first term is stable under this projection. Let us apply the same projections to the 
r.h.s. of (|4.16a ). As we already mentioned the generating series I{r) contain the elements which belong 
to the tensor product ® U e (see details in | DKPf ). According to this completions application of the 
projection Pf and P~ means the following. One should move all generators which belong to subalgebra 
UJ to the left in the first tensor space of the r.h.s. of ( [4.16a| ) and kill all the terms which contain these 
sort of generators on the left. Analogously, for the projection P~ in the second tensor space of the r.h.s. 
of (p^al) we will move all generators which belong to to the right and kill all the terms where such 
generators survive on the right hand side. We conclude that 

{Pf ® P^)1Z^ ± {t) = 1®1 



and 



{Pf ® Pf) (IZ^At) ■ I{r) ■ (TZ^Ar))' 1 ) = (if ® PfAr) = /± lT (r) 
The substitution of (|4.17|) to (|4.16a|) and fl4.16b|) proves the following 



(4.17) 



Proposition 4.2 The projections 7Z±A T ) = (Pf* ® Pf)^^) °f the universal TZ matrix TZ(t) (see 
( 2. 14) ) satisfy the following differential equations: 

dTZ+^(T) 



TiTZ+^T))- 1 . 



dr 



{Pj®P:)I{r) 



d ?^(K-AT)r 1 - = (pt®p; 



dr 



At) 



(4.18) 
(4.19) 



where I(r) is given by ( 3. It ) and ( 3.1% ). 



One can see that the differential equations ( 4.18] ) and (4.19) are equivalent to the following recurrence 
relations: 



nTZ 



nTZ 



W_ =7 jJ.-i) i <i)_ + n ^) I w_ + 

in) = 7 (1) ^(n-1) 7 (2) (n-2) 



The system of the recurrent relations ( |4.20| ) with noncommutative coefficients I±L have formal solution 



I (n-l) n (l) + + I (n)^ 
[n) 



(4.20a) 
(4.20b) 



TZ 



(n) 



±.= - E E c ± {j l ,h,...,jm)iU I U--- I ± 

m= 1 ji + j2 + ■ ■ ■ + jm =n 



=F ' 



(4.21) 



where 

J2i ■ ■ ■ i3m) • 7 • : • \ / • : : : f. ; : ; ; : r , 

3\\3\ + + 32 + 33) ■ ■ ■ Ul + 32 H V 3m) 

i (4.22) 

(ii , J2 j • • • ; 3m ) = ~ 7^ ; : tt~. ; : ; : \ ~r. ; : ; ; r^r • 

3m{3m + 3m-\)\3m + 3m-l + 3m-2) ' ' ' Urn + 3m-\ H V 3\) 

So we reduced the proof of the Theorem 1 and of Theorem 2 to the calculation of the projections of the 
currents ( 4.17] ) onto subalgebras U e * . We solve this problem in the next subsection. 



4.4 Projections of composed currents and screening operators 

e,f 



To calculate the projections to the subalgebras U^ f from the composed currents we need the following 



recurrent definitions of these currents 

e (»)( z ) = _ re s e {n - l \zq 2 )e(w)— = - £ -^L e^WWw) , (4.23a) 

V 7 «=* V q ' V 7 W L around * 27Tra \ * ) K ) , V 7 

eW(z) = res e{w)e^ 1 \z)— = I eWeMw ( 4 . 2 3b) 

w=z g2(n-l) 10 7^ aroun d z g2(n-l) 27TZUI 

/(»>(*) = _ res /(«-D( z )/( w )— = -/ /(n-i)^)/^) , (4 . 23c) 

w=z? 2(n-l) y; ^ around zg 2(n-l) 

/<»>(*) =res /(w )/(-i)(V)— = / ^ /M/^W) • (4.23d) 

u>=2 U7 Jw around 2 271^ 

Let us define the screening operators S eQ , S eQ , 5f , Sf , which act as the following q -commutators in 
the algebra UJsfo) ■ 

S eo (x) = e x - kxk~ 1 e , Sf (x) = xf - fokxk' 1 , 

S eo (x) = xe - e k~ 1 xk, Sf (x) = f x - k~ l xkf Q . 

The screening operators coincide with adjoint action of the elements eo and /q with respect to comul- 
tiplication (|2.4[) : 

Se {x) = e' - x ■ a (eg) , S fo (x) = a (/$) • x ■ fg, 

(4.24) 

S eo (x) = a' 1 (eg) ■ x • e' , S eo (x) = fg • x • a' 1 (fg) , 
and are connected via the conjugation by k : 

S eo (*) = -? 2 *~X (a;)*, S fo (x) = -q-^Sf, (x)k. (4.25) 

The application of the screening operators to a factorization problem is based in their compatibility with 
projection operators. 

Lemma 4.1 (i) Subalgebras are invariant with respect to the screening operators S eQ and S eo ; 
subalgebras are invariant with respect to the screening operators Sf and Sf ; 

(ii) The screening operators S eo and S eo commute with the projectors Pf- ; the screening operators 
Sf and Sf commute with the projectors P* : 

PtS eo {x) = S eo Pt{x), P e ± S eo (x) = S eo P±(x), xeU e , (4.26) 

PfS h {x) = S fo P±(x), PfS k {x) = S fo Pf(x), xeU f . (4.27) 



The proof of statement (i) of the Lemma consists of a short calculation based on the use of ( 2.6c ) and 
fl2.6d ). The statement (ii) follows from (i) together with a remark, that eS(x) = for any screening S 
in consideration. 

The main result of this subsection is the following 

Proposition 4.3 The projections of the currents e <yn \z) and f^ n \z) onto subalgebras are given 
by the formulas 

P? (e (n \z)) = S^ 1 ( e+ (V (n - 1} )) , Pe (e (n) W) = -SeT 1 M*)) » ( 4 - 28a ) 

P f (/ (b) (*)) = S fo' (/+(*)) • P i (/ (b) (*)) = -^T 1 (/-(V (n - 1} )) • (4.28b) 

Proof. One can prove by induction (see | DKP[| for details) that the currents e^ n \z) and f <yn \z) satisfy 
the following quadratic relations: 

(w - zq 2{ - n ~ 2) ){w - zq 2(n - 1 '>)e{w)e (n ~ 1) {z) = q^ n - x \w - zq- 2 ){w - z)e (n ~ 1) (z)e(w) , (4.29a) 

(w - zq 2 ( n - 2) )(w - zq 2(n -^)f^ 1 \z)f(w) = q 2{n ' 1] \w - zq~ 2 )(w - z)f(w)f^ 1) (z) , (4.29b) 

Moreover, the product e(w)e( n ~ 1 \z) has unique simple pole at w = q 2 ^ 1 " 1 ^ ; the product e(w)e ( - n ~ 1 \z) 
has unique simple zero at to = q~ 2 z ; the product f{w)f <yn ~ l \z) has unique simple pole at w = q~ 2 z ; 
and the product f(w)f( n ~ 1 \z) has unique simple zero at w = g 2 ( n_1 ) 'z . 

It means that the residues in ( [4.23a| )-( |423d| ) can be presented as the following formal integrals: 



)( z ) = IJ?!L( e^ n - l \zq 2 )e{w)-q- 2{ ' n -^e(w)e^- l \zq 2 )a n (-;q])= (4.30a) 
J 2iriw \ \w J J 

(e(w)e^ n - 1 '>(z) - q- 2 ^ n - 1 '>e^- 1 \z)e(w)f3 n !<?)) , (4.30b) 



dw 



2iriw 



f {n) {z) = j in ~ 1) (z)f(w) -q 2(n - 1) f(w)f< n - 1 \z)p n (^T 1 )) = (4.30c) 

J(w)f^~ 1 \zq 2 )-q 2 ^f< n - 1 \zq 2 )f(w)a n (f 5^)) , (4.30d) 



2iriw 



where 



,,,) (l-^->») (!-«*•») (431) 
""^•"l- ' ^'V- (l-q-''i»-'')x)(l-q-^»-Vx)' 

The r.h.s. of (|4.30a|) -( [4.30d ) can be presented as total integrals of left/right adjoint actions of the currents 
e(w) and f(w) with respect to coproduct . For instance, the relation (4.30a) we can read as 



where X = e^ n l \zq 2 ) . 

We can rewirite ( ^.30a|) - (|4.30d| ) as 

e W(z) = e("- 1 )(V)e - q- 2 ^e^ n ~ l \zq 2 ) + ]T a nM {q)e k e^- l \zq 2 ^ 1 



, )•: 

fc<0 



(4.32a) 

e (B) W = eoe^- x \z) - q~ 2 ^ e^- x \z)e G + ]T P n , k (q)e^ (z)e k z~ k , (432b) 

k>0 

/(»)(*) = f^wfo - q 2 ^ hf [n ~ l \z) + J2 M^W^H*)*-" , 



k<0 



(4.32c) 



f {n) (z) = /o/ (n - 1} (V) - q^-^f^Hzq^fo + E ^nA9~ 1 )f (n - 1) (M 2 )fkZ- k , 



k>0 



(4.32d) 



where a n ,k(q) and (3 n ,k(q) are coefficients of the expansion of the rational functions a n (x;q) and /3 n (x;q) 
into series with respect to x . 

Due to the definitions(4.7) and ( 4.1 1| ) of the projection operators, the sums in the right hand sides of 
Q4.32p disappear under corresponding projections and we obtain 



P+(e("- 1 )(V)eo-g- 2(ri - 1) eoe("- 1 )(V; 



P+SeJ^Hzq 2 ) 



(4.33a) 
(4.33b) 
(4.33c) 
(4.33d) 



P~ (eW(2)) = P- {eoe^iz) - q 2 ^e^(z)e ) = P~ S eo e^ l \z) , 
P l (/ (n) (*)) = P t (f in ~ 1] (z)fo - q-^-^fof^Hz)) = P+SfJ^iz) , 
Pf (f (n) (z)) = Pj (fof^Hzq 2 ) - q^-Vf^izq^fo) = Pj S fo f^ l \zq 2 ) . 

Iteration of the formulas ( 4.33 ) together with ( 4.26 ), (|4.27| ), proves the Proposition 4.3 . The additional 
minus in ( |4.28[ ) appear due to the definitions ( |2.7| ) P~{e{z)) = — e_(z) and Pj(f{z)) = — f-(z) . Note 

that the coefficients in front of e( n_1 )(z)eo and fof^^Hz) in (|Q3b|) and (pL33cl) are changed in contrast 
to (4.32b) and ( |4.32c| ) in order to have possibility to apply the statement of the Lemma 4.1 



The combination of Propositions |4.2| and [L^ complete the proof of Theorems 1 and 2. Note that in 
its formulations the screenings 5 eo and S/ do not appear. We can avoid their use since 

S%(f + (z)) S k eo (e.(z)) = S%(f + (z)) S k eo (e„(z)) 

because of ( [1.25 ). The Corollary 1 to Theorem 2 is also a direct consequence of the Proposition -L3 due 
to pMfl . 

The adjoint action of the screening operators onto half-currents can be expressed through the powers 
of these half-currents. We have the following 

Lemma 4.2 

n n 

Sl- 1 (e + (z)) = l[(l-q~ 2 ^)el(z), S£\e.(z)) = ]J (1 - q 2 ^)e n _ (z) , 



k=2 



k=2 



(4.34) 



si;HU(z)) = H(q 



-2(fc-l) 



!)/?(*), s] ( ;\Uz)) = l[(q 



2(fc-l) 



Vf-(z) 



k=2 



k=2 



Proof. Let us first equality in ( |4.34j ) since the rest are analogous. The proof is by induction over n . For 
n = 2 the identity 

Se (e+(z)) = [e , e + (z)] q -2 = e e + {z) - g" 2 e+(z)e = (1 - q~ 2 )e\{z) . 

follows from the commutation relations ( |2,6c| ). Suppose that the identity S™~ l {e + {z)) = FJfcL2(l ~~ 

„-2(fc-l)\„m 



)e 7 V:{z) is valid for m = 2, . . . , n — 1 . Then we calculate 



n-l 



S: o (e + (z)) = l[(l-q- 2 ^)S eo (el-\z)) = - q 



2(fc-l)x n 



k=2 



k=2 



which prove the Lemma. 



)e n + (z) 



(n) 

This Lemma allows one to write down the integral formulas for the elements TZ-±{r in the form of 
the formal integrals from two-tensors constructed from powers of half-currents: 



It 



i n) T = (-27ri)-" E E C ± (h,j 2 , . . . ,j m )x 
m= 1 ji + 32 + ■ ■ ■ + jm =n 



dz\ 

Z\ 



dz Tl 



(4.35) 



■ ■ ■ f^{z m ) ® e*(z x ) ■ ■ ■ e>-{z m ) 



and 

A ,. ■ ■ x_ {q ^- q fn- m m j 

JlUl +J2)(J1 + J2 + J3) ■ • • (jl + J2 H h j m ) Hr bij 

(4.36) 

(g-l _ q^n-m m j 

C-U1J2, ■ ■ ■ ,jm) = —r. — —■ vf. — —■ —■ x f — T~ , r - T II T~v 

JmOrn + Jm-lJUm + Jm-1 + Jm-2) ' ' ' [Jm + Jm-1 H h Jl) [jij 

Note, that the presentation ( f4.35| ) is specific for the case under consideration and in general situation of 
U q (sf) the only possibility is to use the screening operators. 

5 Factorization of the formal pairing tensor 

The recurrence relations and corresponding differential equations for the factorized part of 1Z -matrix 
can be also deduced from the factorization of the pairing tensor in a form of formal integral. We will 
see that in this approach they appear in a different form. Its equivalence to the results above reduces to 
certain combinatorial identity. We will give the proof of this identity, proposed by A. Okounkov. 

5.1 Another form of the differential equations and combinatorial identity 

We would like to factorize the element ( |3.24j ) 

K=: exp^ t(z)dz : = ^~i : /"""/~'"~ 1 t(z x ) ■ ■ ■ t(z n ) : (5.1) 

into a product 

n = n + - • 7£_ + . (5.2) 

Here, as before, t(z) = (q^ 1 — q)f(z) (8> e(z) . If we use the notation (a <8> 6)±,=p for Pj z *(a) (g) P^(b) , 
then the relation (|T^) means that 

n > n. j j z\ z n 

Let 

=5< n ) 1 I I dzi dZn +< \ 4.1 \ 
TV = — : </>•••<* t(zi) ■ ■ ■ t(z n ) : 

n\ J J z\ z n 



and 



Then the factorization (|5.2j ) is equivalent to 



r w = E kS-r'";" • (5.3) 

0<Kn 



We can calculate, for example, Tl+_ using (5.3) by induction over 



n : 



Denote by 



e = (:^! + / i(z) f :) _, =(:/*(,)£*$»_:) 



and 



4,,(r) = E4 r 



(n) n 



r 



n>0 



With these notations we can organize the recurrence relations (5.4) as the following differential equations. 



Proposition 5.1 The following differential equations follow from the factorization ([5. 



dr 



^ +) _(r)-J +) _(r) , (5.6) 



r^W=f-, + (r).^ t+ (r), (5-7) 
Due to the uniqueness of logarithmic derivative, we should have the identifications: 

4,tW = 4, t W- (5-8) 



The calculation of the integrals ( |5.5| ) is very nontrivial technical problem. Nevertheless, we can get some 
profit comparing (|5.6j), ( |5.7| ) with ( 2.15a ), ( 2.15b| ). Comparing the expressions ( |5.5| ) with ( p.l7| ) and 



(4.34) we see that the equality (pxq) can be considered as an effective way to calculate the integrals (|5.5|). 



Using pairing arguments we will demonstrate in the Appendix that more general then ( |5.8[) identities 

((f(zi) ■ • • f(z k ))_f + (z k +i)) <8> ((e(zi) • • • e(z fc )) + e_(z fc+ i))_ = 



dz\ dzj~ 
Z\ z k 



(5.9a) 



j "' (/-(*k+i)(/(«fc) • • • /(^i)) + ) _ ® (e + (z fc+ i)(e(z fe ) • • • e(zi)) + ) 



(re + 1 



(5.9b) 



k\ { j—^f k+ \z k+l )®e k + + \z k+1 ). 
(k + l) q 2 



(as well as ( |5.8| )) are equivalent to certain combinatorial identities. In particular, the equality ( |5.9a ) is 
equivalent for \q\ < 1 to 

where the constants C{\y(q) are parameterized by the partition {A m } of natural number 



n 



\ A i A i+l)q 2 - 

and {Aj} is dual to {A^} partition: A'- = ffk , such that X k > j ■ In Q5.11| ) we assume that (0) g ! = 1 . 
Alternatively, these constants C^x}(q) can be defined as follows. Let m : {Ai, . . . , A„} — > {mi, . . . , m^} . 
1 < k < n bea map described by the following rule 



Al , • • • , A n > Ai , . . . , A mi , A mi -(-i , • • • , A mi -|_ m2 i • • • > A m iH f-nifc—i+1 j • • • ) AmiH — 



such that Ai — . . . — A mi > A mi +i — ... — A mi+m2 > . . . > A mi _j — hm fc _i+i — • • • — A mi _| — |_ mfc . Then 
the coefficients C {X }{q) are given by Ui=i ( m }) q2 \ ■ 

A. Okounkov proposed an independent proof of this identity, based on the specialization formula for 
Macdonald polynomials Q, proved in full generality by I. Cherednik Q. 



Consider the Cauchy identity for Macdonald polynomials: 

II = E ^(x; q, t) Q x (x; q, t) , (5.12) 

where (a)oo = (1 — — (?a)(l — q 2 a) where (a)oo = (1 — a)(l — qa)(l — q 2 a) ■ ■ ■ , P\ are Macdonald 
polynomials, and Q\ are dual Macdonald polynomials, corresponding to Young diagram A . Set 

x = (M 2 ,i 3 ,...,P,0,0,...), y = (t,t 2 ,...,t n ,t n+1 ,t n+2 ,...) 

and 

q = 0, 

which specializes Macdonald polynomials to Hall-Littlewood polynomials. Then the left-hand side of 
( 5.1 2| ) becomes 

(l-t)n(„ + l) t! ' ( 5 ' 13 ) 

and due to the formula (VI. 6.11' ) from the book |M|] for evaluating a Macdonald polynomial at a point 

(t,t 2 ,...,n 

i _ fn-i+1 

P x (t,..., t n ; 0, t) = J] I — , (5.14) 

t=l 1 - t i + 

and also 

Q\(t, t n+1 ,t n+2 , . . . ; 0, t) = rW+l A l , (5.15) 
the right hand side of ( ^.12[) becomes 

E n — ix — v~^- ( 5 - 16 ) 



In the formulas ( |5,14 ) and (5.15|) n(X) = 2~Zj(i — 1)A« , |A| = \ an d ^(A) = X[ is the number of rows 



of the diagram A . Comparing (]5.lj ) and ( 5.16| ) at t = q 2 we obtain (|oTTo|) . 



5.2 Some examples of calculations and vanishing of the cross terms in the integrals 

(2) 

Let us demonstrate how the factorization works in the simplest term 1Z . It has the form 

" r ' ' ' d A dz 2 (f + (z x ) - f-(zi))U+{z2) - /-(*&)) ® (e + ( Zl ) - e-( Zl ))(e+(z 2 ) - e_(z 2 )) 



(2vri) 2 2 

(5-17) 

The action of projection operators P^~* (g> P e described above results in the following formula: 

%~if \ / / (/+(*)/+(*») ~ lK§)#(**)) ® (e-(*i)e_(^) - ^(|)e 2 _(* 2 )) . (5.18) 

We can open the brackets and look to four summands. First, we leave the regular term as it is. The 
integrals 

J_/^ MaiW (a) and 'i^M (5.19, 

27TZ j Zl V ^2 / 27Ti j Zi \ Z\J 

vanish due to definitions (or analytical properties of f+(z) and e—(z) ). For the last term we need to 
calculate the integral 

1 f dz\ , ( Z\\ , / zo \ 1 — q 2 



to obtain 

which obviously coincide with ( |2.19| ) for n = 2 . 

As we can see from this exercise the most subtle point of these procedure is the vanishing of the cross 
terms ( 5.1S| ). We can observe these vanishing property in general case. Indeed, the relations 

72± iT = (Pf* ® 1)K = (1 ® P*)K = (Pf* ® Pf)K 

are equivalent to the equalities 

f • • • f II ^ (/(*) • • • /(*»))* ® • • • «) T = 

=/•••/ n v c/(«i) • • • /(^))± ® e (^) • • • ^ = ( 5 - 2 °) 

II —f(zi) ■ ■ ■ f( z n) ® (e(zi) ■ ■ ■ e(z„)) T • (5.21) 



To proceed further we need the following Proposition 5.2 . Let / C {1, , ...,n} , J = \i\ < ... < i^} , 
J = {1, n} \ I , J = {ji < ... < j n -k} be some subsets from the set {1, n} . For these sets denote 
by gi 7 j(zi, 2 n ) and g' T j(z\, z n ) the following formal power series: 

0I,j(tfL,-.2n) = J! ^ — J, 0r,j(*l,-,*») = JJ ( "~ 



iei,jeJ \ z 3 ) ieijeJ ^ Zi 

i>j i>j 



(5.22a) 
(5.22b) 



Proposition 5.2 T/ie following equalities of formal power series take place in U'j (8> : 

f(zi)--- f(z n ) = 9l,j{z u z n ) (f(z h ) ■ ■ ■ f(z ik )) + [f{z h )--- f{z jn _ k ))_ , 
I, J 

e{zi) ■ ■ ■ e{z n ) = 9i,j(zi, z n ) (e(z h ) ■ ■ ■ e{z ik ))_ (e { z h ) ■ ■ ■ e(z jn _ k )) . 
I, J 

Proof. For the proof let us apply ( |4.4p to the product f(z\) ■ ■ ■ f(z n ) . We obtain 

f(zi) ■ ■ ■ f{z n ) = /i(P+* ® PJ)(1 ® f( Zl ) + f( Zl ) ® 4,+ { Zl )) •••(10 f{ Zn ) + f( Zn ) ® i, + (z n )) = 

(f(zi 1 )---f(z ik )) + (a(zi)---a(z n ))_, 

IC{l,...,n},I={i 1 <...<i h }, 

where a(z}.) = ip + (zk) if k 6 / and a(z&) = f(zk) otherwise. Moving all the ip + (zk) to the left in the 
product a(z\) ■ ■ ■ a(z n ) and noting that e(if) + (zk)) = 1 , we get the statement of the Proposition. 

Let us consider the sum of the integrals 



i • " /il —9l,A Z l> •••>*«) (/( Z n) • • • f( Z ik))+ (f( Z ji) ■ ■ ■ f( Z jn-k))- ® e ( Z l) • • • e (^) 
J, J J J Zl 



which means that we replaced the product f{z\) ■ ■ ■ f(z n ) in the first tensor space using the statement 
of the proposition |T 



We can reorder the product e(z\) ■ ■ ■ e(z n ) by means of (HID and rewrite this integral in a form 

dzi 

i, J * 



£ /" '/il (/(^O • • • /( z *fc))+ ■ • • f( z u-k))- ® e (^u) • • • e (%) e (?») " • • e Oi„-J 



Now we separate integrations over , Zi k and over 2^ , Zj n _ k and for the first integration use ( |5.20| ) 
(+) and for the second - (|5.20D (— ) . As a result, we have 



Z / ' " " / II —9I,J(Z1, ...,Zn) (f(Zh) ■ ■ ■ /(**))+ (/(%) • • • /Ojn-*))- ® e ( Z l) ' ' ' e ( Z «) 



= E / • • • / II — ■ ■ ■ fM)+ (/(%) • • • /fen-J)- ® • • • e(z lk ))_ (e( Zjl ) • ■ ■ e(z jn _ k )) + . 

I, j J J z% 

This proves that the cross terms in the integral 

dz. 



j ■ ■ ■ j n ^ • • • /(^.))+ ® ( e (^o • • • e (^))~ 



vanish. 
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Appendix A. Pairing calculations 



The aim of this Appendix is two-fold. First, we will prove the equivalence between equalities (5J3) and 



combinatorial identity ( |5.10 ), Second, we explain several hints how to work with orthogonal dual bases in 



nilpotent subalgebras of U q {sl2) during this proof. At the end, we exploit the evaluation homomorphism 
in order to verify the factorization of the element 1Z . 

1. Equivalence between ( |5.9| ) and ( |5.10| ). 

Using multiplicative presentation of the element 1Z (|3.8|) we can define the dual bases in nilpotent sub- 



algebras Uf and U e corresponding to decomposition of the algebra U q {sl2) into two Borel subalgebras 
associated with first Drinfeld Hopf structure: 

E{P} = i e Pi e P2 ■ ■ ■ e Pn I Pi < P2 < ■ ■ ■ < Pn} , 
F {P} = { C ({p})(<l)f~Plf-P2 ■ ■ ■ f-Pn Pi < P2 < • • • < Pn} , (A.l) 

(%,£ W ) = 4rf = • • • S Pn • Ph,m k €Z, 

where C{ p } are given by ( |5.11| ). We see from ( |A.1| ) that ordered monomials of the generators e n in the 

completion are dual to the non-ordered monomials constructed from modes f n in the completion 
U). 



Let us calculate left hand side of identity ( 5.9a ). To do this we rewrite the products of the currents 



f(zi) ■ ■ ■ f{zk) and e{z\) ■ ■ ■ e(zk) in ordered form using the dual basis in the subalgebras Uf and f7g : 
/(*!)•••/(**)= E C {p} (q)(f( Zl )---f(z k ),e 

-Pi'" e -Pk)fpi ' " fpk ' (A. 2a) 

pi>—>Pk 



e(zi) ■ ■ ■ e(z k ) = °{s} (l)(f-si •••f-sj,,e(z 1 )---e(z k ))f Jn ■ ■ ■ f } 

Sl<...<S k 



Pk 



(A.2b) 



Then we have 



/ . . . I . . . d ^L ( {f{zi) . f(z k ))_f + {zj) IS Ue( Zl ) ■ e(z k )) + e-(z)) 

J J Z\ Zk v + 



E c { P }(i) fpi"-fp k ] 
\pi>...>p k 



E C {s}(<l) e si"-e Sk ] e_(z) I x 

v si<...<s fc 



— — (/-si •••/_ Sfc ,e(^i)---e(2;A ; ))(/(zi)---/(zjfe) ! e- 

•/ J Z\ Zk 



PI ^-Pkl 



(A.3) 



(A. 7) 



E CWO?) fpi • • • fpkf-i 

K o> Pl >...> Pk 



yO<Si<...<Sj; 



Ski^-Pi ^-Pkl 



(*))_ • 

0<Pi<...<p fe 



The last step to prove the equivalence of (5.9a) to the combinatorial formula ( p. 10 ) is to use the 
formulas 

(f- Pl • • • /-»/+(*))+ = II (! - g 2m )g 2 ^ +2 ^- 1+ - + ^)^ +1 (^^ Pl ~-- pfc 

m=l 



(e Pl • • • e Pfc e_(z))_ = f[ (1 - g 2m )g 2 fe+ 2 a-i+-+ fe Pi) e _ +1 (z)zP 1+ - + ^ 



m=l 



which are particular cases of more general formulas 



(/*(*i)/r fc+1 (**)) + - 17 ~' r r " +l 



(e k + ( Zl )e n S k+ \z 2 )) 



f n-k+l {zi)f k {z2) 



( e r fc+1 ^) e -(^)) + = n i 



JLi 1 

n 1 _ 2m 

II i 2m / > 

=nVl 1 " « Z2 / Zl 

fr (1 - q 2m )z 1 /z 2 +1 
(l-q 2m )z 2 / Zl +1 



m=n— k— 1 



q 2m Z2/zi 



(A-4) 



(A.5a) 

(A.5b) 
(A.5c) 
(A.5d) 



2. Equivalence between multiplicative and integral forms of the pairing tensor. 

In C/j <S> C/^ there is an identity 

II ex P? 2 - ?)/-« e ") =: ex P (fa -1 -l) fdz f(z) ® e(z) ) : , (A.6) 



where, as usual, the dots in r.h.s. means the antiordering in left tensor space and ordering in right tensor 
space. 

In order to prove (|A,6|) we need two formulas 



dz n ... dz n (f(wi) ■ ■ ■ f(w n ), e(zi) • • • e{z n )) (f(zi) ■ ■ ■ f{z n ),e(ux) ■ ■ ■ e{u n )) = 
— — (A.7) 

= n\(q 1 -q) n {f{wi) ■ ■ ■ f(w n ), e(m) • • • e(u n )) 

and 

(/-pi /-» • ' ' /-p„, e Sl e S2 ■ • • e s J = S pitS1 S P2iS2 ■ ■ ■ & Pn ,s n C^ } (q)(q~ l - q)~ n (A.8) 

for pi < p2 < ... < p n and s\ < S2 < • • • < s n . The first formula can be proved using simple 
combinatorics and explicit formulas for the pairing ( |3.7D and the second one is the direct consequence of 
the factorization property of this pairing. 

Now the statement of ( |A.6| ) follows from the following calculation 

— j> ■■■ I dz\... dz n f (zi) ■ ■ ■ f (z n ) ® e(zi) ■ ■ ■ e(z n ) = 
( = 2) ~T c {p}(<l) c { s }(<l)f-si---f-sn®e pl ---e Pri x 

Pl<---<Pn 
si<---<s n 

dzn...dzn (f- pi ■ ■ ■ f- Pn <g> e(zi) ■ ■■e(zn)) (f{zi) ■ ■■ f(z n ) ®e Sl ■ ■ ■ e Sn ) = 



(A.9) 



Q0 C{ P } (?) /-pi • • • f-Pn ® e pi • • ■ e Pn 

n 

3. Evaluation map and universal 1Z -matrix. 

Let E , F and H be generators of U q {s[2) with standard commutation relations 

q H Eq- H = q 2 E, q H Fq~ H = q~ 2 F, [E, F) = ^ - (A.10) 

q-q 1 

An evaluation map £v a : U (si?) — > ® C[[a, a" 1 ]] is defined as follows: 

£v a (e n ) = a n q nH E, Sv a (f n ) = a n Fq nH , £v a (^) = ±(<1 ~ q~ l )a n q nH ' (EF - q 2n FE) . (A.ll) 
Under this map the half currents will take the form 



Sv a (/_(*)) = -F ] H , £v a (e + {z)) = — E 

nH 7." 

(A.12) 



£v a (f + (z)) = F^-g , £v a (e_(*)) = - "f_ R E 
1 — -q n 1 — -q " 



Using formulas (4.34) we can write down the formulas for the projections of two-tensors I±L as the 



contour integrals over unit circles ( \a\ < 1 , |a| < 1 

/ 1 n \ (a~ l - a\ 2n - 1 r dz -a H -a H -a H -a H 

b y + '~J (2m) n [n] q J\ z \=i z l-±q H 1 - § q H 1 - § q~ H 1 - § q~ H 

(A.13a) 

£v a ®£v h (l^\) = {q ~ l - q?n ; 1 I — F I W ..-F I H ® \ H E '—E. 

°V ->+J (2Tri) n \nL Vm-i z 1-O.a-H \ _ & a -H j _ z g H 1 - f < 



(27ri)"[n] 9 4|=i z ~ 1 - f g"* 1 - § 1 - f q H 



(A.13b) 



Commutation relations ( |A.10[ ) and Cauchy theorem allows one to calculate these integrals to obtain: 

. , . . („-l r,\2n~l n n n 2U-j) n 7n 2{l+j-l) 

3 . , . 

/ _i \2n— 1 n n -I n -i 

• = lq -«> f »?En n it^visj^ ■ (A.i4b) 

j 1 £ — 1 



(A.14a) 



where 

Z--q 



For the other hand the expressions for £v a (g> f u& ^7£±^ can be found in KTS |: 

Sv a ® ft* «_) = (f[ F» ® ^ , (A.15a) 



Sv a S «V) = » ^ (ft T^pi] • ( A -^b) 



We checked for n = 2, 3 that the elements ( |A.15| ) satisfy recurrence relations ( |4.20a| ) and ( [4.20b| ) with 



-TjTt given by (A. 14). Unfortunately, we did not managed to verify directly the corresponding differential 



equations for £v a (g) Svi, (7£± i=F (r)) . It would be interesting to find such a proof. 
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